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We give an interesting generalization of the Bernstein polynomials. We find
sufficient and necessary conditions for uniform convergence by the new polynomi-
als, and we generalize the Bernstein theorem. Q 1997 Academic Press
1. DEFINITION OF NEW POLYNOMIALS
w x w x  .Let C a, b be the space of continuous functions on a, b . If F x g
w xC a, b ,
5 5F [ max F x . .
aFxFb
 . w xLet F u g C 0, 1 ; the Bernstein polynomial of order n is defined by
w x w x1 , 2
n i ny in iB F u , x [ F P x , P x [ x 1 y x . .  .  .  . . n n , i n , i  / / inis0
w xIn his dissertation Schurer 3 introduced the following generalized
 w x.  .  xBernstein operators also see 4 : Let F u g C 0, 1 , a G 0, andn
n iÄB F , a , x [ F P x . .  .n n n , i /n q anis0
Let N be the set of natural numbers, and let s be a sequence of naturaln
numbers.
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 . w xLet n g N and F u g C 0, 1 ; the new polynomials are defined by
s y1n n1 i q j
C F u , s , x [ F P x . .  . .  n n n , i / /s n q s y 1n nis0 js0
 .  .  .   . .If s s 1 n s 1, 2, 3, . . . , then C F, 1, x s B F, x , C F u , s , x isn n n n n
an interesting generalization of the Bernstein polynomials.
2. SOME LEMMAS
LEMMA 1. We ha¨e the inequality
24 s y 1 13 1 .n20 F max C u y x , s , x - ? q ? . . .n n 23 12 nn0FxF1
w xProof. For 0 F x F 1 we have 5
n n
P x s 1, iP x s nx , 2.1 .  .  . n , i n , i
is0 is0
n
2 2 2 2i ? P x s n x y nx q nx. 2.2 .  . n , i
is0
Hence we get
s y1n nn1
C 1, s , x s 1 P x s P x s 1. 2.3 .  .  .  .  n n n , i n , i /sn is0 js0 is0
s y1n n1 i q j
C u , s , x s P x .  . n n n , i / /s n q s y 1n nis0 js0
n n1 s y 1ns iP x q P x .  . n , i n , i /  /n q s y 1 2 n q s y 1 .n nis0 is0
nx s y 1ns q . 2.4 .
n q s y 1 2 n q s y 1 .n n
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2s y1n n1 i q j
2C u , s , x s P x . .  n n n , i / /s n q s y 1n nis0 js0
s y1n n1
2 2s i q 2 ij q j P x . .  n , i2  /s n q s y 1 . is0 js0n n
n1
2s i ? P x . n , i2  /n q s y 1 . is0n
ns y 1nq iP x . n , i2  /n q s y 1 . is0n
ns y 1 2 s y 1 .  .n nq P x . n , i2  /6 n q s y 1 . is0n
1 n s y 1 x .n2 2 2w xs n x y nx q nx q2 2n q s y 1 n q s y 1 .  .n n
s y 1 2 s y 1 .  .n nq . 2.5 .26 n q s y 1 .n
 .From 2.4 we get
2nx2 s y 1 x .ny2 x ? C u , s , x s y y ; 2.6 .  .n n n q s y 1 n q s y 1n n
 .since C F, s , x is a sequence of positive linear operators, combiningn n
 .  .  .2.3 , 2.6 , and 2.5 we get
20 F C u y x , s , x . .n n
s C u2 , s , x y 2 x ? C u , s , x q x 2 ? C 1, s , x .  . .n n n n n n
2n y n 2n
2s y q 1 x2 n q s y 1n q s y 1 . nn
n n s y 1 s y 1 .n nq q y x2 2 n q s y 1n q s y 1 n q s y 1 .  . nn n
s y 1 2 s y 1 .  .n nq \ I q I q I .1 2 326 n q s y 1 .n
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We have
2x 22I s n y n y 2n n q s y 1 q n q s y 1 .  .1 n n2n q s y 1 .n
2 22 2x s y 1 x s y 1 .  .n n2s s y 1 y n F F , .n2 2 2nn q s y 1 n q s y 1 .  .n n
x
I s n q n s y 1 y s y 1 n q s y 1 .  .  .2 n n n2n q s y 1 .n
x nx nx 12s n y s y 1 F F F , .n2 2 2 nnn q s y 1 n q s y 1 .  .n n
s y 1 2 s y 1 q 1 .  . .n n
I s3 26 n q s y 1 .n
2 21 s y 1 1 2n s y 1 s y 1 1 .  .  .n n nF ? q ? - q .2 2 23 12n 12nn 3nn q s y 1 .n
Combining estimates for I , I , and I we get1 2 3
2 2s y 1 1 s y 1 1 .  .n n20 F C u y x , s , x - q q q . .n n 2 2n 12nn 3n
24 s y 1 13 .ns q .2 12n3n
3. CONVERGENCE AND ORDER OF APPROXIMATION
 . w xTHEOREM 1. In order that, for e¨ery function F u g C 0, 1 ,
lim C F , s , x y F x s 0, 3.1 .  .  .n n
nª`
 .it is sufficient and necessary that lim s rn s 0.nª` n
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 .  .  .Proof. Sufficiency. From 2.3 we get C 1, s , x s 1 0 F x F 1 ; fromn n
 .Lemma 1 and lim s rn s 0 we getnª` n
2lim max C u y x , s , x s 0; . .n n
nª` 0FxF1
w x  . w xusing Korovkin's theorem 5 we get that, for every F u g C 0, 1 ,
lim C F , s , x y F x s 0. .  .n n
nª`
 .  .Necessity. In 3.1 , letting F u s u, we get
lim C u , s , x y x s 0 and lim C u , s , 0 y 0 s 0. .  .n n n n
nª` nª`
 .From 2.4 we get
s y 1n
C u , s , 0 s ; .n n 2 n q s y 1 .n
1 .  .hence lim s y 1 r n q s y 1 s 0, for « s , there is a naturalnª` n n 2
number K such that for n G K we have
s y 1 1 s y 1 s y 1n n n
- , s y 1 - n , 0 F - ;nn q s y 1 2 2n n q s y 1n n
 .we get lim s rn s 0.nª` n
 . w xCOROLLARY 1. Let F u g C 0, 1 . Then
lim B F , x y F x s 0. .  .n
nª`
 .Proof. If s s 1 n s 1, 2, 3, . . . , from Theorem 1 we get Corollary 1.n
w xWe now get the Bernstein theorem 1, 2 .
 . w x  .Let F x g C a, b , modulus of continuity of F x is defined by
v F , d [ sup F x y F x , a F x , x F b , .  .  .1 2 1 2
< <x y x F d , 0 F d F b y a .41 2
w xShisha and Mond proved 6 the following lemma.
 .LEMMA 2. Let L be a sequence of positi¨ e linear operators mappingn
w x w x w x w x 2 .  .2 .C a, b into C c, d with c, d : a, b . Define a x s L t y x , xn n
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  . . w x w xa x G 0 , c F x F d. If f g C a, b and x g c, d , thenn
L f , x y f x F f x ? 1 y L 1, x .  .  .  .n n
1r2q L 1, x q L 1, x v f , a x . .  .  . .  . /n n n
 . w xTHEOREM 2. Let F u g C 0, 1 and let Q be a subset of N, such that for
’ .  .n g Q one has 0 - s y 1 rn q 1r n F 1. Then for n g Q and F u gn
w xC 0, 1 the following holds:
s y 1 1n
C F , s , x y F x F 4v F , q . .  .n n  /’n n
 .  .Proof. From 2.3 we get C 1, s , x s 1; from Lemma 1 we getn n
24 s y 1 13 1 .n20 F max C u y x , s , x - ? q ? . .n n 23 12 nn0FxF1
24 s y 1 1 .n
- q ;23 nn
using Lemma 2 we get
24 s y 1 1 .n
C F , s , x y F x F 2v F , ? q .  . ((n n 2 /3 nn
4 s y 1 1nF 2v F , ? q(  / /’3 n n
s y 1 1nF 4v F , q . /’n n
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